
 

O Lagrangians Hamiltonians in classical mechanics

and geometric quantization

Let N be an n dimensional smooth manifold
and denote by TN its tangent bundle

Definition
Let L tix be a Lagrangian definedoverth

with x x xn E N 3 12 1 ETH

and y a b N a smooth curve on N

Then
G bga yet yet y ADdt

is called the action integral

A critical point of the action satisfies

ddt 3 Iff j I n

Euler Lagrange equations

Example
L Img 3g V where V is a potential

gives back Newton's equations for a particle



Next let M be a smooth manifold of dimension
2n A symplectic form w is a non degenerate

closed 2 form on M WHO ar M

Definition
A smooth manifold equipped with a symplectic

form is called a symplectic manifold
Given a smooth vector field X an M the

correspondence Xi 7 L w gives isomorphism
between 1 forms on Me smooth vector

fields on 14

Definition Hamiltonian vector field
Let f be a smooth function on M

Define vector field Xp by
Xf w df

Xf is Hamiltonian vector field for f

Definition Poisson bracket
For smooth functions f and g on M define

f g w Xf Xg



Properties
bilinear and anti symmetric
satisfy Jacobi identity
f g h t Lg hit t h fig o

fight f g h t g ff h derivation

we have

Wtxf Xg che w Xg df Xg Xgf Xeg
Denote by X M the space of smooth vectorfields
on M Then

X Y f X Yf Y Xf fec M

X M is equipped with a Lie algebra
structure

c M is a Lie algebra by the Poisson bracket
and we have the following relation

Xf Xg XIfig
ft Xf defines a Lie algebra

homomorphism
consider a smooth function H ar M

called the Hamiltonian and the
associated vector field XH Then

Xt f H f IT H H O



Complex line bundles and quantization

Let M be a smooth manifold and F

a smooth vector bundle on M

Denote
T Me complexification of T M

TLE space of smooth sections of E

T T Me E space of smooth sections

of 1 Me F

Definition connection

A connection on E is a E linear map

17 TLE TCT Me E

such that the Leibniz rule

0 fs df s tf PCs
holds for f e f and se TE

Definition covariant derivative
For a vector field X C TCT Me define a linear

map Tx T E T E by
Qs Os Xx



Definition complex line bundle

A complex line bundle is a complex
vector bundle of rank 1

Let l be a complex line bundle with

Hermitian metric over 14

open covering M UjUj G UjxC over Uj
trivializationof L

Let 0 be a connection ar L given by
D d 2T ftp on Uj

where Lj is 1 form on Uj

Definition first Chem class

obj defines a global 2 form on M the

first Chem form of 0 denoted by
c O

Its de 12ham cohomology class c CODEHYMN

is called first Chem class of L
We have

c COD C Imc

where c HYM 2 H M IR

is the inclusion map



classical Hamiltonian mechanics

d H f

quantum mechanics

dat It I where f FIFA

and F is the operator version of f

Heisenberg equation

Let us apply this program of quantization
to a symplectic manifold M w together
with a complex line bundle L

choose L and O such that
C O w

Denote by TCM L the space ofsmooth
sections of L with inner product

s sa a Cs six nw

where CS S is hermitian metric on L

Denote by 7C the space of L2 sections
of L with respect to fix

Hilbert space
quantization maps for fe C M define
f I by Is Refs stiffs SE H



Using w Xf Xg f g one can verify
I g Fg

f I determines a representation of
C M on It as a Lie algebra

Exemplei
N Rn M T N with symplectic form

w jqdpjrdq.si
I ordinates om N

coordinates
on TN

Define a connection on the trivial line

bundle L Mx E by
D d Fitr o E If pjdq.gr

For a section S M L define

Is Fit Oxes tfs

Fj Fitr Iggy Ij Fitr ftp.t9 j

Let Ho be the subspace of TCM L

consisting of 6 sections depending only
on

9 y 9 n Fa se 6 Fj S Fitz S off s qjs



recovered canonical quantization in

quantum mechanics

Definition Polarization
Let M w be a symplectic manifold
of dimension 2h and T Ma the

complexified tangent bundle

Vp CT Ma sub bundle is integrable

if for X Yi M Vp Ex Y M Vp

Vp is Lagrangian if
V x e M i din Vp n and

4 1 0

A Lagrangian Vp is called polarization

if it is integrable

Define Hp se H 10 5 0 XeTCM Vp

gutantum Hilbert space

Definition Kahler polarization
Ynet Miu be a Kahler manifold set Vp TM

Hp HTML space of holomorphic
sections


